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POSITIVE GROUND STATES FOR A CLASS OF SUPERLINEAR
(p, q)-LAPLACIAN COUPLED SYSTEMS INVOLVING SCHRO¨DINGER
EQUATIONS
J. C. DE ALBUQUERQUE, JOA˜O MARCOS DO O´, AND EDCARLOS D. SILVA
Abstract. We study the existence of positive ground state solutions for the following class of
(p, q)-Laplacian coupled systems{
−∆pu+ a(x)|u|
p−2u = f(u) + αλ(x)|u|α−2u|v|β , x ∈ RN ,
−∆qv + b(x)|v|
q−2v = g(v) + βλ(x)|v|β−2v|u|α, x ∈ RN ,
where N ≥ 3 and 1 < p ≤ q < N . Here the coefficient λ(x) of the coupling term is related with
the potentials by the condition |λ(x)| ≤ δa(x)α/pb(x)β/q where δ ∈ (0, 1) and α/p+ β/q = 1. We
deal with periodic and asymptotically periodic potentials. The nonlinear terms f(s), g(s) are
“superlinear” at 0 and at ∞ and are assumed without the well known Ambrosetti-Rabinowitz
condition at infinity. Thus, we have established the existence of positive ground states solutions
for a large class of nonlinear terms and potentials. Our approach is variational and based on
minimization technique over the Nehari manifold.
1. Introduction
In this work we study the following class of (p, q)-Laplacian coupled systems{
−∆pu+ a(x)|u|
p−2u = f(u) + αλ(x)|u|α−2u|v|β , x ∈ RN ,
−∆qv + b(x)|v|
q−2v = g(v) + βλ(x)|v|β−2v|u|α, x ∈ RN ,
(1.1)
where 1 < p ≤ q < N and N ≥ 3. We are concerned with the existence of ground state solutions,
that is, solutions with minimal energy among the energy of all nontrivial solutions. We study a
general class of (p, q)-Laplacian coupled systems, when the potentials a(x), b(x) are nonnegative,
bounded and related with the coupling term by the following estimate |λ(x)| ≤ δa(x)α/pb(x)β/q,
for some δ ∈ (0, 1) and for all x ∈ RN with α/p+β/q = 1 and 1 ≤ α < p, 1 ≤ β < q. Notice that
this class of systems is a type of “(p, q)-linearly coupled system” due the presence of the powers
α and β in the coupling terms. Another feature of this class of systems is the loss of homogeneity
due the fact that we consider also the case p 6= q. We consider the case when these functions
are periodic and asymptotically periodic, that is, the limits of a(x), b(x) and λ(x) are periodic
functions when |x| → +∞ in a suitable sense. Latter on, we shall discuss the assumptions on
1991 Mathematics Subject Classification. 35J47, 35B09, 35J50, 35J92.
Key words and phrases. ground states; coupled systems; superlinear problems; Nehari manifold.
Corresponding author: jmbo@pq.cnpq.br.
Research supported in part by INCTmat/MCT/Brazil, CNPq and CAPES/Brazil. The third author was also
partially supported by Fapego Fapeg/CNpq grants 03/2015-PPP.
1
2 J.C. DE ALBUQUERQUE, J.M. DO O´, AND EDCARLOS D. SILVA
the potentials a(x), b(x) and λ(x). The nonlinearities f(s) and g(s) are two continuous (p, q)-
superlinear and subcritical functions which do not satisfy the Ambrosetti-Rabinowitz condition
at infinity. In fact, we suppose that f(s) is p-superlinear and g(s) is q-superlinear. Our main
contribution here is to prove the existence of positive ground state solutions for a general class
of (p, q)-coupled systems defined in the whole space RN which include several particular classes
of nonlinear Schro¨dinger equations and linearly coupled systems.
1.1. Motivation and Related Results. In order to introduce the study of the class of (p, q)-
Laplacian coupled systems (1.1), we begin by giving a survey on the related problems which
motivates the present work. When λ = 0, f ≡ g, a = b and p = q, System (1.1) reduces to the
following class of quasilinear Schro¨dinger equations
−∆pu+ a(x)u = f(u), x ∈ R
N . (1.2)
Equations involving the p-Laplacian operator arise in various branches of mathematical physics,
such as non-Newtonian fluids, elastic mechanics, reaction-diffusion problems, flow through porous
media, glaciology, petroleum extraction, nonlinear optics, plasma physics, nonlinear elasticity, etc.
We refer to [13] and [26] for more details about the p-Laplacian and [12] for informations about
applications involving this operator. When p = 2, solutions of (1.2) are related with standing
wave solutions of the nonlinear Schro¨dinger equation
i~
∂ψ
∂t
= −
~
2
2m
∆ψ + a˜(x)ψ − f(ψ), x ∈ RN , t ≥ 0, (1.3)
where i denotes the imaginary unit and m, ~ are positive constants. For (1.3), a solution of the
form ψ(x, t) = e−
iEt
~ u(x) is called standing wave. Assuming that f(tξ) = f(t)ξ for ξ ∈ C, |ξ| = 1,
taking ~ = 2m and denoting a(x) = a˜(x)−E, it is well known that ψ is a solution of (1.3) if and
only if u solves equation (1.2). For more information on the physical background, we refer the
readers to [1, 5, 12,17] and references therein.
The class of equations (1.2) has been extensively studied by many researchers. In order to
overcome the difficulty originated from the lack of compactness, the authors introduced several
classes of potentials. For instance, in [29], P. Rabinowitz studied Schro¨dinger equations when
the potential is coercive and bounded away from zero. In order to improve the behavior of the
potential introduced in [29], T. Bartsch and Z.Q. Wang, [6], considered a class of potentials such
that the level sets {x ∈ RN : a(x) ≤ M} have finite Lebesgue measure for all M > 0. Here we
deal with two classes of nonnegative bounded potentials. For more results concerning nonlinear
Schro¨dinger equations we refer the readers to [2, 11,14,22,23,27] and references therein.
Our goal in this paper is to prove the existence of positive ground state solutions for the general
class of coupled systems (1.1). In order to establish a variational approach to our problem,
throughout all the paper we assume that
α
p
+
β
q
= 1 and
{
p < α+ β < q, if p < q,
α+ β = p = q, if p = q.
(1.4)
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The prototypical example when p = q = 2 and α = β = 1 is the following linearly coupled system{
−∆u+ a(x)u = f(u) + λ(x)v, x ∈ RN ,
−∆v + b(x)v = g(v) + λ(x)u, x ∈ RN .
(1.5)
In [15,16], the authors studied the existence of positive ground states for (1.5) when N = 2. For
the case N ≥ 2 we refer the readers to [3, 4, 8–10,24,25] and references therein. In [31], J. Ve´lin
studied the existence of solutions for the following (p, q)-gradient elliptic system with boundary
Dirichlet conditions 

−∆pu = γa(x)|u|
p−2u+ f(x, u, v), x ∈ Ω,
−∆qv = δb(x)|v|
q−2v + g(x, u, v), x ∈ Ω,
u = v = 0, x ∈ ∂Ω.
In [18], C. Li and C-L. Tang proved the existence of at least three weak solutions to the following
class of quasilinear elliptic systems

−∆pu = λFu(x, u, v), x ∈ Ω,
−∆qv = λFv(x, u, v), x ∈ Ω,
u = v = 0, x ∈ ∂Ω.
For more existence results concerning to (p, q)-Laplacian elliptic systems we refer the readers
to [7, 30, 32, 33, 35] and references therein. We point out that in the most of these works, it was
considered problems defined in bounded domains and it was obtained the existence of solution.
Motivated by the above discussion, we study the class of (p, q)-Laplacian coupled systems
(1.1). As we mentioned in (1.4), we study the (p, q)-Laplacian system (1.1) when p = q or p 6= q.
This class of systems imposes some difficulties. The first one is the lack of compactness due to
the fact that the system is defined in the whole Euclidean space RN . Moreover, System (1.1)
involves strongly coupled Schro¨dinger equations because of the coupling terms in the right hand
side. Another difficulty is that the nonlinear terms does not verify the well known Ambrosetti-
Rabinowitz condition. Namely, it says that: There exists θ > 2 such that
0 < θF (t) = θ
∫ t
0
f(τ) dτ ≤ tf(t), for all t ∈ R. (AR)
The Ambrosetti-Rabinowitz condition plays an important role in studying the existence of
solutions to elliptic equations of variational type. For instance, it is usually used to guarantee
the boundedness of Palais-Smale or Cerami sequences. Instead (AR), we suppose that f is p-
superlinear and g is q-superlinear. In order to obtain ground states, we use a variational approach
based on minimization technique over the Nehari manifold.
1.2. Assumptions and main result. Firstly, we are interested in to establish the existence
of positive ground state solutions for the following class of linearly coupled systems involving
quasilinear Schro¨dinger equations{
−∆pu+ ao(x)|u|
p−2u = f(u) + αλo(x)|u|
α−2u|v|β , x ∈ RN ,
−∆qv + bo(x)|v|
q−2v = g(v) + βλo(x)|v|
β−2v|u|α, x ∈ RN ,
(So)
where N ≥ 3, 1 < p ≤ q < N and ao(x), bo(x), λo(x) are periodic potentials.
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For s > 1, let W 1,s(RN ) be the usual Sobolev space with the norm
‖u‖W 1,s(RN ) =
(∫
RN
|∇u|s dx+
∫
RN
|u|s dx
)1/s
.
In view of the presence of the potential ao(x), we introduce the following space and norm
Eao,p =
{
u ∈W 1,p(RN ) :
∫
RN
ao(x)|u|
p dx < +∞
}
, ‖u‖pao,p =
∫
RN
(|∇u|p + ao(x)|u|
p) dx.
Analogously, in view of the presence of the potential bo(x), we introduce
Ebo,q =
{
v ∈W 1,q(RN ) :
∫
RN
bo(x)|v|
q dx < +∞
}
, ‖v‖qbo,q =
∫
RN
(|∇v|q + bo(x)|u|
q) dx.
We set the product space Eo = Eao,p × Ebo,q which is a reflexive Banach space when endowed
with the norm ‖(u, v)‖o = ‖u‖ao,p + ‖v‖bo,q. In order to establish a variational approach to treat
System (So), we need to require suitable assumptions on the potentials. Throughout the paper,
we assume that:
(V1) ao, bo, λo ∈ C(R
N ) are 1-periodic in each x1, x2, ..., xN .
(V2) ao(x), bo(x) ≥ 0, for all x ∈ R
N and
inf
u∈Eao,p
{∫
RN
|∇u|p dx+
∫
RN
ao(x)|u|
p dx :
∫
RN
|u|p dx = 1
}
> 0,
inf
v∈Ebo,q
{∫
RN
|∇v|q dx+
∫
RN
bo(x)|v|
q dx :
∫
RN
|v|q dx = 1
}
> 0.
(V3) We assume |λo(x)| ≤ δao(x)
α/pbo(x)
β/q, for some δ ∈ (0, 1) such that
1
q
− δmax
{
α
p
,
β
q
}
> 0.
(V ′3) We suppose (V3) holds and there exists R > 0 such that λo(x) ≥ λ0 > 0, for all x ∈ BR(0).
In this work the main interest is to ensure existence of ground state by minimization on the Nehari
manifold. For this purpose we assume that supt>0 f
′(t)t/f(t) < +∞, supt>0 g
′(t)t/g(t) < +∞.
Furthermore, we make the following assumptions on the nonlinearities:
(F1) f, g ∈ C
1(R), f(t) = o(|t|p−2t), g(t) = o(|t|q−2t), as |t| → 0 and
lim
|t|→+∞
f(t)
|t|p−2t
= lim
|t|→+∞
g(t)
|t|q−2t
= +∞.
(F2) There exist C1, C2 > 0, r ∈ (p, p
∗) and s ∈ (q, q∗) such that
|f(t)| ≤ C1(1 + |t|
r−1) and |g(t)| ≤ C2(1 + |t|
s−1), for all t ∈ R.
(F3) t 7→
f(t)
|t|p−2t
and t 7→
g(t)
|t|q−2t
are strictly increasing on |t| 6= 0.
(F4) F (t) :=
∫ t
0 f(τ) dτ ≤ F (|t|) and G(t) :=
∫ t
0 g(τ) dτ ≤ G(|t|), for all t ∈ R.
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Under these assumptions we shall consider the energy functional of C1 class Io given by
Io(u, v) =
1
p
‖u‖pao ,p +
1
q
‖v‖qbo,q −
∫
RN
(F (u) +G(v)) dx−
∫
RN
λo(x)|u|
α|v|β dx.
From a standard point of view finding weak solutions to the elliptic problem (So) is equivalent
to find critical points for the energy functional Io. In order to get ground state solutions is usual
to consider the Nehari method. The standard Nehari manifold for System (So) is defined by
Mo =
{
(u, v) ∈ H1(RN )×H1(RN )\{(0, 0)} : 〈I ′o(u, v), (u, v)〉 = 0
}
.
In the present work we are interesting in to ensure existence of ground state solutions for the
elliptic problem (So) considering 1 < p ≤ q < N . When p 6= q the principal part in the energy
functional is not homogeneous. As a consequence the Nehari manifold Mo is not suitable for
our work. The main problem is to guarantee that any Palais-Smale sequence in Mo is bounded.
Another difficulty is to ensure that any nonzero pair (u, v) ∈ H1(RN )×H1(RN ) admits a unique
projection in the standard Nehari manifold Mo. Furthermore, assuming that p 6= q, is not clear
whether Mo is a C
1 manifold which is crucial in our arguments. In order to overcome these
difficulties we shall introduce the following Nehari manifold
No =
{
(u, v) ∈ H1(RN )×H1(RN )\{(0, 0)} :
〈
I ′o(u, v),
(
1
p
u,
1
q
v
)〉
= 0
}
.
Here we mention that No is a C
1 manifold and any Palais-Smale sequence over No is bounded
and away from zero, see Lemma 4.1 ahead. More precisely, we have that Io is coercive over No.
Related to the Nehari manifold we need to consider also the fibering maps which is a powerful
tool in the Nehari method. One more time due the loss of homogeneity we introduce the fibering
maps t → Io(t
1/pu, t1/qv) which coincides with the usual fibering maps only in the case p = q.
Thanks to the fibering maps we can prove that any nonzero pair (u, v) ∈ H1(RN ) × H1(RN )
admits a unique projection in the Nehari manifold No, see Lemma 4.2.
It is important to stress that λ : RN → R can be a sign changing continuous function. Therefore
the coupled term is an indefinite nonlinear function. This allow us to consider many quasilinear
elliptic systems where the coupled term is governed by the term λ(x)|u|α|v|β . Hence is not clear
whether the functional Io has a minimizer over the Nehari manifold. Another difficulty here is to
guarantee that any minimizer sequence in the Nehari manifold is bounded. In order to control
the behavior of λ(x) we consider hypothesis (V3) ensuring that System (So) admits a ground state
solution taking into account the fact that the coupling term could be a sign changing function.
Now we are in position in order to state our main first result:
Theorem 1.1. If (V1)-(V3) and (F1)-(F4) hold, then there exists a ground state for System (So).
Moreover, we have the following conclusions:
(i) Assume also that λ0(x) ≥ 0 for all x ∈ R
N , then there exists a nonnegative ground state
for System (So);
(ii) Assume also that (V ′3) holds and λ0(x) ≥ 0 for all x ∈ R
N , then there exists a positive
ground state for System (So), for some λ0 > 0.
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We are also concerned with the existence of positive ground states for the following class of
coupled systems {
−∆pu+ a(x)|u|
p−2u = f(u) + αλ(x)|u|α−2u|v|β , x ∈ RN ,
−∆qv + b(x)|v|
q−2v = g(v) + βλ(x)|v|β−2v|u|α, x ∈ RN ,
(S)
where the potentials a(x), b(x) and λ(x) are asymptotically periodic. Analogously to the periodic
case, we introduce the following suitable spaces
Ea,p =
{
u ∈W 1,p(RN ) :
∫
RN
a(x)|u|p dx < +∞
}
, ‖u‖pa,p =
∫
RN
(|∇u|p + a(x)|u|p) dx,
Eb,q =
{
v ∈W 1,q(RN ) :
∫
RN
b(x)|v|q dx < +∞
}
, ‖v‖qb,q =
∫
RN
(|∇v|q + b(x)|u|q) dx.
We set the product space E = Ea,p × Eb,q endowed with the norm ‖(u, v)‖ = ‖u‖a,p + ‖v‖b,q.
Moreover, we assume the following hypotheses:
(V4) a(x) < ao(x), b(x) < bo(x), λo(x) < λ(x), for all x ∈ R
N and
lim
|x|→+∞
|ao(x)− a(x)| = lim
|x|→+∞
|bo(x)− b(x)| = lim
|x|→+∞
|λ(x)− λo(x)| = 0.
(V5) a(x), b(x) ≥ 0, for all x ∈ R
N and
inf
u∈Ea,p
{∫
RN
|∇u|p dx+
∫
RN
a(x)|u|p dx :
∫
RN
|u|p dx = 1
}
> 0,
inf
v∈Eb,q
{∫
RN
|∇v|q dx+
∫
RN
b(x)|v|q dx :
∫
RN
|v|q dx = 1
}
> 0.
(V6) We assume |λ(x)| ≤ δa(x)
α/pb(x)β/q, for some δ ∈ (0, 1), such that
1
q
− δmax
{
α
p
,
β
q
}
> 0.
(V ′6) We suppose (V6) holds and there exists R > 0 such that λ(x) ≥ λ > 0, for all x ∈ BR(0).
Under these assumptions we are able to state the following result:
Theorem 1.2. If (V1)-(V6) and (F1)-(F4) hold, then there exists a ground state for System (S).
Moreover, we have the following conclusions:
(i) Assume also that λ(x) ≥ 0 for all x ∈ RN , then there exists a nonnegative ground state
for System (S);
(ii) Assume also that (V ′6) holds and λ(x) ≥ 0 for all x ∈ R
N , then there exists a positive
ground state for System (S), for some λ > 0.
Remark 1.3. The assumptions (V2) and (V5) imply that the spaces Eao,p , Ea,p are continuous
embedded into Lr(RN ) for all r ∈ [p, p∗] and the spaces Ebo,q , Eb,q are continuous embedded into
Ls(RN ) for all s ∈ [q, q∗], see [14, Lemma 2.1].
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Remark 1.4. Recall that the coercive case for the potentials a(x), b(x) have been widely studied
by many authors, see [10,29] and references therein. More precisely, we mention that a(x)→ +∞
and b(x)→ +∞ as |x| → +∞ is said to be the coercive case. In this direction we observe that Ea,p
and Eb,q are Banach spaces. Furthermore, the embedding E = Ea,p×Eb,q →֒ L
s1(RN )×Ls2(RN )
is compact for each s1 ∈ [p, p
∗) and s2 ∈ [q, q
∗). Under these conditions our main theorems remain
true due the compact embedding quoted just above. In fact, any hypothesis on the potentials a(x)
and b(x) that ensures the compact embedding, implies that System (1.1) admits at least one ground
state solution via minimization over the Nehari method. For example, we can consider also that
for any M > 0 the set
{
x ∈ RN : a(x) ≤M, b(x) ≤M
}
has finite Lebesgue measure. Using this
assumption we observe that the compact embedding listed just above holds true, see [6].
Remark 1.5. Typical examples of nonlinearities satisfying (F1)-(F4) are given by f(t) =
|t|p−2t ln(1 + |t|) and g(t) = |t|q−2t ln(1 + |t|). More generally, we can consider also f(t) =
|t|p−2t lnγ(1 + |t|) and g(t) = |t|q−2t lnγ(1 + |t|) where γ ≥ 1 is parameter and p, q > 1. In
these examples the functions satisfy the assumptions (F1)-(F4). However, these functions does
not verify the Ambrosetti-Rabinowitz condition.
Remark 1.6. It is worthwhile to mention that our main results remain true for the following
class of quasilinear elliptic systems{
−∆pu+ a(x)|u|
p−2u = f(u) + c(x)Hu(u, v), x ∈ R
N ,
−∆qv + b(x)|v|
q−2v = g(v) + c(x)Hv(u, v), x ∈ R
N ,
(1.6)
where a(x), b(x) are periodic or asymptotically periodic continuous functions. Furthermore, we
assume here that a(x) ≥ ℓ and b(x) ≥ ℓ for any x ∈ RN with ℓ > 0. Here we also assume that
c ∈ L∞(RN ) and H : R× R→ R satisfies the following assumptions:
i) The function H is C1 and satisfies a subcritical growth in the following sense
|Hu(u, v)| ≤ c1(1 + |u|
r1−1 + |v|r2−1), for all (u, v) ∈ R× R,
|Hv(u, v)| ≤ c2(1 + |u|
r1−1 + |v|r2−1), for all (u, v) ∈ R× R,
for some constants c1, c2 > 0 and r1 ∈ (p, p
∗), r2 ∈ (q, q
∗);
ii) H(t1/pu, t1/qv) = tH(u, v), for any t ≥ 0 and for all (u, v) ∈ R× R;
iii) |H(u, v)| ≤ k(|u|p + |v|q), for all (u, v) ∈ R× R, where k > 0 is small enough.
The nonlinear terms f and g satisfy the same assumptions discussed in the main theorems.
Typical examples for H are H(u, v) = |u|α|v|β for (u, v) ∈ R×R where 1 ≤ α < p and 1 ≤ β < q.
Here we mention that those more general assumptions over the coupling term can be handle, but
for the sake of simplicity, we introduced a particular case given in System (1.1). Using some
minor modifications we can also consider the following elliptic problem{
−∆pu+ a(x)|u|
p−2u = Ru(u, v) + c(x)Hu(u, v), x ∈ R
N ,
−∆qv + b(x)|v|
q−2v = Rv(u, v) + c(x)Hv(u, v), x ∈ R
N ,
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where R : R×R→ R is subcritical and belongs to C1 class. We also mention that in [7] was proved
the existence of solutions for system of quasilinear elliptic equations involving (p, q)-Laplacian by
studying critical points of the associated energy functional.
1.3. Notation. Let us introduce the following notation:
• C, C˜, C1, C2,... denote positive constants (possibly different).
• on(1) denotes a sequence which converges to 0 as n→∞;
• The norm in Ls(RN ) and L∞(RN ), will be denoted respectively by ‖ · ‖s and ‖ · ‖∞.
• The norm in Ls(RN )× Ls(RN ) is given by ‖(u, v)‖s = (‖u‖
s
s + ‖v‖
s
s)
1/s.
1.4. Outline. The remainder of this paper is organized as follows: In the forthcoming Section
we introduce the variational framework to our problem. In Section 3 we obtain some preliminary
results which will be used throughout the paper. In Section 4 we introduce and give some
properties of the Nehari manifold associated with the energy functional. In Section 5 we use a
minimization technique over the Nehari manifold in order to get a nontrivial ground state solution
for System (So). In this case, we make use of Lion’s Lemma and the invariance of the energy
functional to obtain the nontrivial critical point. After that, we use the known ground state to
get another one which will be nonnegative. By using strong maximum principle we conclude
that this ground state will be strictly positive. Finally, in Section 6 we study the case when
the potentials are asymptotically periodic. For this purpose, we establish a relation between the
energy levels associated to Systems (So) and (S).
2. The variational framework
Associated to System (So) we have the energy functional Io : Eo → R given by
Io(u, v) =
1
p
‖u‖pao ,p +
1
q
‖v‖qbo,q −
∫
RN
(F (u) +G(v)) dx−
∫
RN
λo(x)|u|
α|v|β dx.
It follows from assumptions (F1) and (F2) that for any ε > 0 there is Cε > 0 such that
|f(t)| ≤ ε|t|p−1 + Cε|t|
r−1 and |g(t)| ≤ ε|t|q−1 + Cε|t|
s−1, for all t ∈ R, (2.1)
which implies that
|F (t)| ≤ ε|t|p + Cε|t|
r and |g(t)| ≤ ε|t|q + Cε|t|
s, for all t ∈ R. (2.2)
Using (2.2) one sees that Io is well defined. Moreover, Io ∈ C
1(E,R) and its differential is given by
〈I ′o(u, v), (φ,ψ)〉 =
∫
RN
(|∇u|p−2∇u∇φ+ ao(x)|u|
p−2uφ+ |∇v|q−2∇v∇ψ + bo(x)|v|
q−2vψ) dx
−
∫
RN
(f(u)φ+ g(v)ψ) dx−
∫
RN
λo(x)(α|u|
α−2u|v|βφ+ β|u|α|v|β−2vψ) dx.
Hence, critical points of Io are precisely the weak solutions of System (So).
In order to treat System (S) variationally, we introduce the C1 energy functional I : E → R
defined by
I(u, v) =
1
p
‖u‖pa,p +
1
q
‖v‖qb,q −
∫
RN
(F (u) +G(v)) dx−
∫
RN
λ(x)|u|α|v|β dx,
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which its differential is given by
〈I ′(u, v), (φ,ψ)〉 =
∫
RN
(|∇u|p−2∇u∇φ+ a(x)|u|p−2uφ+ |∇v|q−2∇v∇ψ + b(x)|v|q−2vψ) dx
−
∫
RN
(f(u)φ+ g(v)ψ) dx−
∫
RN
λ(x)(α|u|α−2u|v|βφ+ β|u|α|v|β−2vψ) dx.
Under our assumptions the energy functional I is well defined and the critical points correspond
to solutions of System (S).
3. Preliminary results
Lemma 3.1. If (V3) holds, then∫
RN
λo(x)|u|
α|v|β dx ≤ δmax
{
α
p
,
β
q
}(
‖u‖pao,p + ‖v‖
q
bo,q
)
, for all (u, v) ∈ Eo. (3.1)
Proof. In fact, it follows from assumption (V3) that∫
RN
λo(x)|u|
α|v|β dx ≤ δ
∫
RN
ao(x)
α/p|u|αbo(x)
β/q|v|β dx.
Since α/p + β/q = 1, we can use Young’s inequality to conclude that∫
RN
λo(x)|u|
α|v|β dx ≤ δmax
{
α
p
,
β
q
}∫
RN
(ao(x)|u|
p + bo(x)|v|
q) dx,
which implies (3.1). 
Remark 3.2. We point out that (3.1) holds true for the asymptotically periodic case.
Lemma 3.3. If (F3) holds, then the functions
f(t)t− pF (t) and g(t)t− qG(t), (3.2)
are increasing for |t| 6= 0. Furthermore, we have
f ′(t)t2 − (p− 1)f(t)t > 0 and g′(t)t2 − (q − 1)g(t)t > 0, (3.3)
for all t 6= 0.
Proof. In fact, let 0 < t1 < t2 be fixed. Thus, by using (F3) we deduce that
f(t1)t1 − pF (t1) <
f(t2)
tp−12
tp1 − pF (t2) + p
∫ t2
t1
f(τ) dτ. (3.4)
Moreover, we have
p
∫ t2
t1
f(τ) dτ < p
f(t2)
tp−12
∫ t2
t1
τp−1 dτ =
f(t2)
tp−12
(tp2 − t
p
1). (3.5)
Combining (3.4) and (3.5) we conclude that
f(t1)t1 − pF (t1) < f(t2)t2 − pF (t2).
The same argument can be used to get the result when t < 0 and for the function g(t)t− qG(t).
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Now, we note from (F3) that for t ∈ (0,+∞) we have
0 <
d
dt
(
f(t)
tp−1
)
=
f ′(t)tp−1 − (p− 1)f(t)tp−2
t2(p−1)
,
0 <
d
dt
(
g(t)
tq−1
)
=
g′(t)tq−1 − (q − 1)g(t)tq−2
t2(q−1)
,
which implies (3.3). Analogously we get the result when t ∈ (−∞, 0). 
Remark 3.4. It is important to mention that in view of the preceding Lemma, the functions
f(t)t− pF (t) and g(t)t− qG(t) are nonnegative for all t ∈ R.
4. The Nehari manifold
Let N0 be the Nehari manifold associated to System (So) defined by
No :=
{
(u, v) ∈ Eo\{(0, 0)} :
〈
I ′o(u, v),
(
1
p
u,
1
q
v
)〉
= 0
}
.
Hence, (u, v) ∈ No if and only if satisfies
1
p
‖u‖pao,p +
1
q
‖v‖qbo,q −
∫
RN
λo(x)|u|
α|v|β dx =
1
p
∫
RN
f(u)u dx+
1
q
∫
RN
g(v)v dx. (4.1)
Lemma 4.1. If (F1)-(F2) hold, then we have the following facts:
(i) No is a C
1-manifold;
(ii) There exists γ > 0 such that ‖(u, v)‖o ≥ γ, for all (u, v) ∈ No.
Proof. Let ϕ : Eo\{(0, 0)} → R be defined by ϕ(u, v) = 〈I
′
o(u, v), ((1/p)u, (1/q)v)〉. It is no hard
to verify that ϕ is in C1 class. Recall also that No = ϕ
−1(0). It is suffices to ensure that 0 is a
regular value for the function ϕ. Using (3.3) and (4.1) we can deduce that〈
ϕ′(u, v),
(
1
p
u,
1
q
v
)〉
≤ −
1
p2
∫
RN
(f ′(u)u2 − (p− 1)f(u)u)−
1
q2
∫
RN
(g′(v)v2 − (q − 1)g(v)v) < 0,
which implies that 0 is a regular value of ϕ. Therefore, No is a C
1-manifold.
In order to prove (ii), we note by Lemma 3.1 that(
1
q
− δmax
{
α
p
,
β
q
})
(‖u‖pao,p + ‖v‖
q
bo,q
) ≤
1
p
‖u‖pao,p +
1
q
‖v‖qbo,q −
∫
RN
λo(x)|u|
α|v|β dx.
Hence, by using (2.1) and (4.1) we can deduce that(
1
q
− δmax
{
α
p
,
β
q
})
(‖u‖pao ,p + ‖v‖
q
bo,q
) ≤ ε(‖u‖pao ,p + ‖v‖
q
bo,q
) + C˜ε(‖u‖
r
ao ,p + ‖v‖
s
bo,q). (4.2)
Taking ε > 0 sufficiently small such that(
1
q
− δmax
{
α
p
,
β
q
}
− ε
)
> 0,
we conclude by (4.2) that
0 <
1
C˜ε
(
1
q
− δmax
{
α
p
,
β
q
}
− ε
)
≤ ‖u‖r−pao,p + ‖v‖
s−q
bo,q
,
which implies (ii). 
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Lemma 4.2. For any (u, v) ∈ Eo\{(0, 0)} there exists a unique t0 > 0, depending on (u, v), such
that
(t
1/p
0 u, t
1/q
0 v) ∈ No and Io(t
1/p
0 u, t
1/q
0 v) = max
t≥0
Io(t
1/pu, t1/qv).
Proof. Let (u, v) ∈ Eo\{(0, 0)} be fixed. We consider h : [0,+∞) → R defined by h(t) =
Io(t
1/pu, t1/qv). Note that
h′(t)t =
〈
I ′o(t
1/pu, t1/qv),
(
1
p
t1/pu,
1
q
t1/qv
)〉
.
Thus, t0 is a positive critical point of h if and only if (t
1/p
0 u, t
1/q
0 v) ∈ No. Using Lemma 3.1, the
growth conditions of the nonlinearities and Sobolev embedding we can deduce that
h(t) ≥ t
[(
1
q
− δmax
{
α
p
,
β
q
}
−Cε
)
(‖u‖pao ,p + ‖v‖
q
bo,q
)− Cεt
r−p
p ‖u‖rao,p − Cεt
s−q
q ‖v‖sbo,q
]
.
Taking ε sufficiently small, we conclude that h(t) ≥ 0 provided that t > 0 is small. On the other
hand, we can deduce that
h(t)
t
≤
1
p
‖u‖pao,p+
1
q
‖v‖qbo,q−
∫
RN
λo(x)|u|
α|v|β dx−
∫
{u 6=0}
F (t1/pu)
(t1/p|u|)p
|u|p dx−
∫
{v 6=0}
G(t1/qv)
(t1/q|v|)q
|v|q dx,
which together with (F1) implies that h(t) ≤ 0 for t > 0 large. Thus, h has maximum points in
(0,+∞). Now, note that every critical point t ∈ (0,+∞) of h satisfies
1
p
‖u‖pao,p +
1
q
‖v‖qbo,q −
∫
RN
λo(x)|u|
α|v|β dx =
1
p
∫
RN
f(t1/pu)u
t
1− 1
p
dx+
1
q
∫
RN
g(t1/qv)v
t
1− 1
q
dx. (4.3)
By using (3.3), we have
d
dt
(
f(t1/pu)u
t
1− 1
p
)
=
f ′(t1/pu)(t1/pu)2 − (p− 1)f(t1/pu)t1/pu
pt
2− 1
p
> 0, (4.4)
d
dt
(
g(t1/qv)v
t
1− 1
q
)
=
g′(t1/qv)(t1/qv)2 − (q − 1)g(t1/qv)t1/qv
qt
2− 1
q
> 0. (4.5)
Therefore, the right-hand side of (4.3) is increasing on t > 0 which implies that the critical point
is unique. 
5. Proof of Theorem 1.1
In order to prove Theorem 1.1, we introduce the Nehari energy level associated with System (So)
defined by
cNo = inf
(u,v)∈No
Io(u, v).
Let (un, vn)n ⊂ No be a minimizing sequence to cNo , that is,
Io(un, vn)→ cNo and
〈
I ′o(un, vn),
(
1
p
un,
1
q
vn
)〉
= 0. (5.1)
Proposition 5.1. The minimizing sequence (un, vn)n is bounded in Eo.
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Proof. Arguing by contradiction we suppose that ‖(un, vn)‖o = ‖un‖ao,p + ‖vn‖bo,q → +∞, as
n→ +∞. We define wn = un/K
1/p
n and zn = vn/K
1/q
n , where Kn := ‖un‖
p
ao,p + ‖vn‖
q
bo,q
. Thus,
‖wn‖
p
ao,p + ‖zn‖
q
bo,q
= 1 and Kn → +∞, as n→ +∞.
Hence, (wn, zn)n is bounded in Eo. Thus, we may assume up to a subsequence that
• (wn, zn)⇀ (w0, z0) weakly in Eo;
• wn → w0 strongly in L
r
loc(R
N ), for all p ≤ r < p∗;
• zn → z0 strongly in L
s
loc(R
N ), for all q ≤ s < q∗.
• wn(x)→ w0(x) and zn(x)→ z0(x), almost everywhere in R
N .
We split the argument into two cases:
Case 1. (w0, z0) 6= (0, 0).
Let us assume without loss of generality that w0 6= 0. By using Lemma 3.1 and (5.1) we can
deduce that
on(1) =
Io(un, vn)
Kn
≤
1
p
+ δmax
{
α
p
,
β
q
}
−
∫
{un 6=0}
F (un)
Kn
dx.
The last inequality jointly with (F1) and Fatou’s Lemma leads to
1
p
+ δmax
{
α
p
,
β
q
}
≥
∫
{un 6=0}
lim inf
n→+∞
F (un)
|un|p
|wn|
p dx = +∞,
which is a contradiction.
Case 2. (w0, z0) = (0, 0).
First, we claim that for any R > 0 we have
lim
n→+∞
sup
y∈RN
∫
BR(y)
(|wn|
p + |zn|
q) dx = 0. (5.2)
In fact, if (5.2) does not holds then there exist R, η > 0 such that
lim
n→+∞
sup
y∈RN
∫
BR(y)
(|wn|
p + |zn|
q) dx ≥ η > 0.
Hence, we can consider a sequence (yn)n ⊂ Z
N such that
lim
n→+∞
∫
BR(yn)
(|wn|
p + |zn|
q) dx ≥
η
2
> 0.
We define the shift sequence (w˜n(x), z˜n(x)) = (wn(x+ yn), zn(x+ yn)). Since ao(·) and bo(·) are
periodic, we have ‖(wn, zn)‖o = ‖(w˜n, z˜n)‖o. Thus, up to a subsequence, we may assume that
• (w˜n, z˜n)⇀ (w˜0, z˜0) weakly in Eo;
• w˜n → w˜0 strongly in L
r
loc(R
N ), for all p ≤ r < p∗;
• z˜n → z˜0 strongly in L
s
loc(R
N ), for all q ≤ s < q∗.
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Then, we have
lim
n→+∞
∫
BR(0)
(|w˜n|
p + |z˜n|
q) dx = lim
n→+∞
∫
BR(yn)
(|wn|
p + |zn|
q) dx ≥
η
2
> 0,
which implies that (w˜0, z˜0) 6= (0, 0). Arguing as in Case 1 we get a contradiction.
Since (5.2) holds, it follows from [34, Lemma 1.21] (see also [21]) that
lim
n→+∞
∫
RN
|wn|
r dx = 0 and lim
n→+∞
∫
RN
|zn|
s dx = 0. (5.3)
By using (2.2) and (5.3), we can conclude that
lim
n→+∞
∫
RN
F (ξ1/pwn) dx = lim
n→+∞
∫
RN
G(ξ1/qzn) dx = 0, for all ξ > 0. (5.4)
Since (un, vn)n ⊂ No, it follows from Lemma 4.2 that
Io(un, vn) ≥ Io(t
1/pun, t
1/qvn), for all t ≥ 0. (5.5)
Taking t = ξ/Kn and combining (5.4) and (5.5) we deduce that
cNo + on(1) = Io(un, vn) ≥ Io(ξ
1/pwn, ξ
1/qzn) ≥
(
1
q
− δmax
{
α
p
,
β
q
})
ξ + on(1),
which is a contradiction for ξ > 0 sufficiently large. Therefore, (un, vn)n is bounded in Eo. 
Remark 5.2. Using the same ideas discussed in the proof of Proposition 5.1 we mention that
the energy functional Io is coercive over the Nehari manifold No.
In view of Proposition 5.1 we may assume, up to a subsequence, that
• (un, vn) ⇀ (u0, v0) weakly in Eo;
• un → u0 strongly in L
r
loc(R
N ), for all p ≤ r < p∗;
• vn → v0 strongly in L
s
loc(R
N ), for all q ≤ s < q∗;
• un(x)→ u0(x) and vn(x)→ v0(x), almost everywhere in R
N .
Since C∞0 (R
N ) × C∞0 (R
N ) is dense into the space Eo, it follows by standard arguments that
I ′o(u0, v0) = 0, that is, (u0, v0) is a solution for System (So). In order to get a nontrivial solution,
we shall prove the following result:
Proposition 5.3. Let (un, vn)n ⊂ No be the minimizing sequence satisfying (5.1). Then, there
exists a sequence (yn)n ⊂ R
N and constants R, η > 0 such that |yn| → ∞ as n→∞, and
lim inf
n→+∞
∫
BR(yn)
(|un|
p + |vn|
q) dx ≥ η > 0. (5.6)
Proof. Arguing by contradiction, we suppose that (5.6) does not hold. Then we have
lim
n→∞
sup
y∈RN
∫
BR(y)
|un|
p dx = 0 and lim
n→∞
sup
y∈RN
∫
BR(y)
|vn|
q dx = 0,
for any R > 0. Hence, we conclude that
lim
n→+∞
∫
RN
|un|
r dx = 0 and lim
n→+∞
∫
RN
|vn|
s dx = 0. (5.7)
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Using (2.1) and Lemma 3.1, we can deduce that
0 =
〈
I ′o(un, vn),
(
1
p
un,
1
q
vn
)〉
≥
(
1
q
− δmax
{
α
p
,
β
q
})
(‖un‖
p
ao,p + ‖vn‖
q
bo,q
)−
1
p
∫
RN
f(un)un dx−
1
q
∫
RN
g(vn)vn dx
≥
(
1
q
− δmax
{
α
p
,
β
q
}
− ε
)
(‖un‖
p
ao,p + ‖vn‖
q
bo,q
)− Cε(‖un‖
r
r + ‖vn‖
s
s). (5.8)
Taking ε > 0 sufficiently small such that
1
q
− δmax
{
α
p
,
β
q
}
− ε > 0,
it follows from (5.7) and (5.8) that
0 ≥
(
1
q
− δmax
{
α
p
,
β
q
}
− ε
)
(‖un‖
p
ao,p + ‖vn‖
q
bo,q
) + on(1),
which implies that ‖(un, vn)‖o → 0 as n → +∞. However, since Io(un, vn) → cNo > 0 and Io is
continuous, the minimizing sequence (un, vn)n can not converge to zero strongly in Eo. Therefore,
this contradiction implies that (5.6) holds. 
Proposition 5.4. There exists a ground state solution for System (So).
Proof. Let (u0, v0) be the critical point of the energy functional I. We split the proof into two
cases.
Case 1. (u0, v0) 6= (0, 0).
If (u0, v0) 6= (0, 0), then we have a nontrivial solution for System (So). It remains to prove that
(u0, v0) is in fact a ground state. We note that (u0, v0) ∈ No. Thus, cNo ≤ Io(u0, v0). On the
other hand, using (3.2), (5.1) and Fatou’s Lemma, we can deduce that
cNo + on(1) = Io(un, vn)−
〈
I ′o(un, vn),
(
1
p
un,
1
q
vn
)〉
=
1
p
∫
RN
(f(un)un − pF (un)) dx+
1
q
∫
RN
(g(vn)vn − qG(vn)) dx
≥
1
p
∫
RN
(f(u0)u0 − pF (u0)) dx+
1
q
∫
RN
(g(v0)v0 − qG(v0)) dx+ on(1)
= Io(u0, v0)−
〈
I ′o(u0, v0),
(
1
p
u0,
1
q
v0
)〉
+ on(1)
= Io(un, vn) + on(1),
which implies that cNo ≥ Io(u0, v0). Therefore, Io(u0, v0) = cNo , that is, (u0, v0) is a ground state
solution for System (So).
Case 2. (u0, v0) = (0, 0).
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In light of Proposition 5.3, there exist a sequence (yn)n ⊂ R
N and constants R, η > 0 such that
lim inf
n→+∞
∫
BR(yn)
(|un|
p + |vn|
q) dx ≥ η > 0. (5.9)
Without any loss of generality we assume that (yn)n ⊂ Z
N . Let us define the shift sequence
(u˜n(x), v˜n(x)) = (un(x+ yn), vn(x+ yn)). Since ao(·), bo(·) and λo(·) are periodic, we can use the
invariance of the energy functional Io, to deduce that
‖(un, vn)‖o = ‖(u˜n, v˜n)‖o and Io(un, vn) = Io(u˜n, v˜n)→ cNo .
Moreover, arguing as before, we can conclude that (u˜n, v˜n)n is a bounded sequence in Eo. Thus,
up to a subsequence, we may assume that
• (u˜n, v˜n) ⇀ (u˜0, v˜0) weakly in Eo;
• u˜n → u˜0 strongly in L
r
loc(R
N ), for all p ≤ r < p∗;
• v˜n → v˜0 strongly in L
s
loc(R
N ), for all q ≤ s < q∗.
Moreover, (u˜, v˜) is a critical point of Io. By using (5.9) one sees that
lim inf
n→∞
∫
BR(0)
(|u˜n|
p + |v˜n|
q) dx = lim inf
n→∞
∫
BR(yn)
(|un|
p + |vn|
q) dx ≥ η > 0.
Therefore, (u˜, v˜) 6= (0, 0) is a solution for System (So). The conclusion follows from Case 1. 
Proposition 5.5. If (F4) holds and λo(x) ≥ 0 for all x ∈ R
N , then there exists a nonnegative
ground state for System (So).
Proof. Let (u0, v0) be the ground state solution obtained in Proposition 5.4. Then, from
Lemma 4.2 there exists a unique t0 > 0 such that (t
1/p
0 |u0|, t
1/q
0 |v0|) ∈ No. Since λo(x) ≥ 0,
it follows from (F4) that Io(t
1/p
0 |u0|, t
1/q
0 |v0|) ≤ Io(t
1/p
0 u0, t
1/q
0 v0). Thus, since (u0, v0) ∈ No we
have
Io(t
1/p
0 |u0|, t
1/q
0 |v0|) ≤ maxt≥0
Io(t
1/pu0, t
1/qv0) = Io(u0, v0) = cNo .
Therefore, (t
1/p
0 |u0|, t
1/q
0 |v0|) ∈ No is a nonnegative ground state solution for System (So). 
At this point, we have obtained a nonnegative ground state solution (u, v) ∈ Eo for System (So).
However, this solution could be semitrivial, that is, (u, 0) or (0, v). The next step is to prove that
if (V ′3) holds, then for some λ0 > 0 the ground state can not be semitrivial.
Proposition 5.6. Suppose that (V ′3) holds. There exists λ0 > 0 such that if (u, v) ∈ Eo is a
ground state for System (So), then u 6= 0 and v 6= 0.
Proof. If we consider λo(x) = 0, for all x ∈ R
N , then we have the uncoupled equation
−∆pu+ ao(x)|u|
p−2u = f(u), x ∈ RN . (Sao)
Let Iao : Eao,p → R be the energy functional associated to (Sao) defined by
Iao(u) =
1
p
‖u‖pao,p −
∫
RN
F (u) dx.
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The Nehari manifold associated to (Sao) is given by
Nao =
{
u ∈ Eao,p\{0} : 〈I
′
ao(u), u〉 = 0
}
.
Note that the same arguments used in this work holds true for equation (Sao). Thus, let u0 ∈ Nao
be a positive ground state solution for equation (Sao). By similar arguments used in the proof of
Lemma 4.2 we can deduce that:
• Iao(tu0) is increasing for 0 < t < 1;
• Iao(tu0) is decreasing for t > 1;
• Iao(tu0)→ −∞, as t→ +∞.
Therefore, maxt≥0 Iao(tu0) = Iao(u0). Analogously, we can introduce Ibo , Nbo and conclude that
there exists a positive ground state solution v0 ∈ Nbo for the uncoupled equation
−∆qu+ bo(x)|v|
q−2v = g(v), x ∈ RN . (Sbo)
Moreover, maxt≥0 Ibo(tv0) = Ibo(v0). It follows from Lemma 4.2 that there exists t0 > 0 such
that (t
1/p
0 u0, t
1/q
0 v0) ∈ No. Hence, using (V
′
3) we can deduce that
cNo ≤ Io(t
1/p
0 u0, t
1/q
0 v0) ≤ t0
(
1
p
‖u0‖
p
ao,p +
1
q
‖v0‖
q
bo,q
− λ0
∫
BR(0)
uα0 v
β
0 dx
)
.
Thus, for some λ0 > 0 we have cNo < min{cNao , cNbo}. Therefore, if Io(u, v) = cNo , then we have
u 6= 0 and v 6= 0. 
Proposition 5.7. If (V ′3) holds for suitable λ0 > 0, then there exists a positive ground state for
System (So).
Proof. According to Proposition 5.5 we obtain a nonnegative ground state solution (u, v) for the
problem (So). By using standard arguments for regularity of weak solutions for quasilinear elliptic
equations, we have that the functions u, v belong to C1,α for some α ∈ (0, 1), that is, we know
that u, v are Ho¨lder continuous functions, see [19,20]. It follows from Proposition 5.4 that (u, v)
is not trivial. Moreover, in view of Proposition 5.6, the pair (u, v) is not semitrivial, that is, the
sets {x ∈ RN : u(x) = 0} and {x ∈ RN : v(x) = 0} are different from the whole space RN . Thus,
we have concluded that {
−∆pu+ a0(x)u
p−1 ≥ 0, x ∈ RN ,
u ∈ Ea0,p ∩ C
1,α, u 6= 0,
and {
−∆qv + b0(x)v
p−1 ≥ 0, x ∈ RN ,
v ∈ Eb0,q ∩ C
1,α, v 6= 0.
Here we mention that s → β1(s) := a0(x)s
p−1 and s → β2(x) := b0(x)s
q−1 are nondecreasing
functions for each s > 0 and x ∈ RN . By applying the Strong Maximum Principle [28] we infer
that u > 0 and v > 0 in RN . This ends the proof. 
Proof of Theorem 1.1. It follows from Propositions 5.4, 5.5, 5.6 and 5.7. 
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6. Proof of Theorem 1.2
In this Section we are concerned with the existence of ground states for System (S), when the
potentials are asymptotically periodic. Analogously to the periodic case, we introduce the Nehari
manifold associated to System (S) defined by
N :=
{
(u, v) ∈ E\{(0, 0)} :
〈
I ′(u, v),
(
1
p
u,
1
q
v
)〉}
,
and the ground state energy cN := inf(u,v)∈N I(u, v). We point out that all results obtained in
Section 4 remains true in the asymptotically periodic case. Thus, N is a C1-manifold and for
any (u, v) ∈ E\{(0, 0)} there exists a unique t0 > 0, depending only on (u, v), such that
(t
1/p
0 u, t
1/q
0 v) ∈ N and I(t
1/p
0 u, t
1/q
0 v) = maxt≥0
I(t1/pu, t1/qv). (6.1)
In order to get a ground state solution for (S) we establish a relation between the energy levels
cNo and cN .
Lemma 6.1. cN < cNo .
Proof. Let (u, v) ∈ No be the nonnegative ground state solution for System (So) obtained in the
preceding Section. In light of assumption (V4), we can deduce that∫
RN
[(a(x)− ao(x))u
p + (b(x)− bo(x))v
q + (λo(x)− λ(x))uv] dx < 0, (6.2)
By using (6.1) we get a t0 > 0 such that (t
1/p
0 u, t
1/q
0 v) ∈ N . Thus, it follows from (6.2) that
I(t
1/p
0 u, t
1/q
0 v)− Io(t
1/p
0 u, t
1/q
0 v) < 0.
Therefore, since (u, v) ∈ No we conclude that
cN ≤ I(t
1/p
0 u, t
1/q
0 v) < Io(t
1/p
0 u, t
1/q
0 v) ≤ maxt≥0
Io(t
1/pu, t1/qv) = Io(u, v) = cNo ,
which finishes the proof. 
Let us consider a minimizing sequence (un, vn)n ⊂ N to cN , that is
I(un, vn)→ cN and
〈
I ′(un, vn),
(
1
p
un,
1
q
vn
)〉
= 0. (6.3)
Proposition 6.2. The minimizing sequence (un, vn)n is bounded in E.
Proof. The proof is similar to the proof of Proposition 5.1 but for the sake of simplicity we give
a sketch here. Arguing by contradiction we suppose that ‖(un, vn)‖ = ‖un‖a,p + ‖vn‖b,q → +∞,
as n → +∞. We define wn = un/K
1/p
n and zn = vn/K
1/q
n , where Kn := ‖un‖
p
a,p + ‖vn‖
q
b,q.
Thus, (wn, zn)n is bounded in E. We may assume up to a subsequence that (wn, zn) ⇀ (w0, z0)
weakly in E. If (w0, z0) 6= (0, 0), then we get a contradiction as the same way to Case 1 in
Proposition 5.1. If (w0, v0) = (0, 0), then we claim that for any R > 0 we have
lim
n→+∞
sup
y∈RN
∫
BR(y)
(|wn|
p + |zn|
q) dx = 0. (6.4)
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If (6.4) does not hold, then there exist a sequence (yn)n ⊂ Z
N and R, η > 0 such that
lim
n→+∞
∫
BR(yn)
(|wn|
p + |zn|
q) dx ≥ η > 0. (6.5)
We define the shift sequence (w˜n(x), z˜n(x)) = (wn(x + yn), zn(x + yn)). Since Ea →֒ W
1,p(RN )
and Eb →֒ W
1,q(RN ), we deduce that
‖(w˜n, z˜n)‖ =
∫
RN
(|∇w˜n(x)|
p + a(x)|w˜n(x)|
p) dx+
∫
RN
(|∇z˜n(x)|
q + b(x)|z˜n(x)|
q) dx
≤ max{1, ‖a‖∞}‖wn‖
p
W 1,p(RN )
+max{1, ‖b‖∞}‖zn‖
q
W 1,p(RN )
≤ C‖(wn, zn)‖
p + C‖(wn, zn)‖
q,
which implies that (w˜n, z˜n)n is bounded in E due the fact that (wn, zn)n is bounded. Thus up to
a subsequence that (w˜n, z˜n)⇀ (w˜0, z˜0). By using (6.5) we conclude that (w˜0, z˜0) 6= (0, 0) and we
get a contradiction as in Case 1. Therefore, (6.4) holds and the conclusion follows as in Case 2
of Proposition 5.1. 
In view of the preceding Proposition, we may assume, up to a subsequence, that (un, vn) ⇀
(u0, v0) weakly in E. By a standard density argument we can conclude that (u0, v0) is a critical
point of I. The main difficulty here is to prove that (u0, v0) is a nontrivial solution, since we do
not have the invariance by translations of the energy functional in this case.
Proposition 6.3. The weak limit (u0, v0) is nontrivial.
Proof. We suppose by contradiction that (u0, v0) = (0, 0). Thus, we have
• un → u0 strongly in L
r
loc(R
N ), for all p ≤ r < p∗;
• vn → v0 strongly in L
s
loc(R
N ), for all q ≤ s < q∗;
• un(x)→ u0(x) and vn(x)→ v0(x), almost everywhere in R
N .
It follows by assumption (V4) that for any ε > 0 there exists R > 0 such that
|ao(x)− a(x)| < ε, |bo(x)− b(x)| < ε, |λ(x)− λo(x)| < ε, for all x ∈ BR(0)
c. (6.6)
Using (6.6) and the local convergence we deduce that∣∣∣∣
∫
RN
(ao(x)− a(x))|un|
p dx
∣∣∣∣ ≤
∫
BR(0)
|ao(x)− a(x)||un|
p dx+ Cε
∫
BR(0)c
|un|
p dx
≤ (‖ao‖∞ + ‖a‖∞)ε+ Cε, (6.7)
for all n ≥ n0. Analogously we get∣∣∣∣
∫
RN
(bo(x)− b(x))|vn|
q dx
∣∣∣∣ ≤ (‖bo‖∞ + ‖b‖∞)ε+ Cε. (6.8)
Moreover, using Ho¨lder inequality with α/p + β/q = 1 we deduce that∣∣∣∣
∫
RN
(λ(x)− λo(x))|un|
α|vn|
β dx
∣∣∣∣ ≤ (‖λ‖∞ + ‖λo‖∞)ε+ Cε. (6.9)
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Combining (6.7), (6.8) and (6.9) we conclude that
Io(un, vn)− I(un, vn) = on(1) and
〈
I ′o(un, vn)− I
′(un, vn),
(
1
p
un,
1
q
vn
)〉
= on(1),
which jointly with (6.3) implies that
Io(un, vn) = cN + on(1) and
〈
I ′o(un, vn),
(
1
p
un,
1
q
vn
)〉
= on(1). (6.10)
In light of Lemma 3.1 we get a sequence (tn)n ⊂ (0,+∞) such that (t
1/p
n un, t
1/q
n vn)n ⊂ No.
Claim 1. lim supn→+∞ tn ≤ 1.
We suppose by contradiction that the claim does not hold, that is, there exists ε0 > 0 such
that, up to a subsequence, we have tn ≥ 1 + ε0, for all n ∈ N. By using (6.10) and the fact that
(t
1/p
n un, t
1/q
n vn)n ⊂ No we obtain
1
p
∫
RN
(
f(t
1/p
n un)
t
1− 1
p
n
un − f(un)un
)
dx+
1
q
∫
RN
(
g(t
1/q
n vn)
t
1− 1
q
n
vn − g(vn)vn
)
dx = on(1).
Since tn ≥ 1 + ε0, it follows from (4.4) and (4.5) that
1
p
∫
RN
(
f((1 + ε0)
1/pun)
(1 + ε0)
1− 1
p
un − f(un)un
)
+
1
q
∫
RN
(
g((1 + ε0)
1/qvn)
(1 + ε0)
1− 1
q
vn − g(vn)vn
)
≤ on(1).
Arguing as in Proposition 6.2, we introduce the sequence (u˜n(x), v˜n(x)) = (un(x+yn), vn(x+yn)),
which is bounded in E and, up to a subsequence, (u˜n, v˜n) ⇀ (u˜0, v˜0) weakly in E. Moreover,
(u˜0, v˜0) 6= (0, 0). Thus, using (4.4), (4.5) and Fatou’s Lemma we get
0 <
1
p
∫
RN
(
f((1 + ε0)
1/pu0)
(1 + ε0)
1− 1
p
u0 − f(u0)u0
)
+
1
q
∫
RN
(
g((1 + ε0)
1/qv0)
(1 + ε0)
1− 1
q
v0 − g(v0)v0
)
≤ on(1),
which is not possible and finishes the proof of Claim 1.
Claim 2. There exists n0 ∈ N such that tn ≥ 1, for all n ≥ n0.
We suppose by contradiction that tn < 1 for all n ∈ N. Thus, t
1/p
n ≤ t
1/q
n ≤ 1. Hence, using
Lemma 3.3 and the fact that (t
1/p
n un, t
1/q
n vn)n ⊂ No we obtain
cNo ≤
1
p
∫
RN
(f(t1/pn un)t
1/p
n un − pF (t
1/p
n un)) dx+
1
q
∫
RN
(g(t1/qn vn)t
1/q
n vn − qG(t
1/q
n vn)) dx
≤
1
p
∫
RN
(f(un)un − pF (un)) dx+
1
q
∫
RN
(g(vn)vn − qG(vn)) dx
= cN + on(1),
which implies that cNo ≤ cN and contradicts Lemma 6.1.
By using Claims 1 and 2 we can deduce that∫
RN
(F (t1/pn un)− F (un)) dx =
∫ t1/pn
1
∫
RN
f(τun)un dx = on(1), (6.11)
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∫
RN
(G(t1/qn vn)−G(vn)) dx =
∫ t1/qn
1
∫
RN
g(τvn)vn dx = on(1). (6.12)
Moreover, since ao, bo ∈ L
∞(RN ) and (un, vn)n is bounded in Eo we also have
(tn − 1)
(
1
p
‖un‖
p
ao,p +
1
q
‖vn‖
q
bo,q
−
∫
RN
λo(x)|un|
α|vn|
β dx
)
= on(1). (6.13)
Combining (6.11), (6.12) and (6.13) we conclude that
Io(t
1/p
n un, t
1/q
n vn)− Io(un, vn) = on(1).
Thus, in view of (6.10) we get
cNo ≤ Io(t
1/p
n un, t
1/q
n vn) = Io(un, vn) + on(1) = cN + on(1),
which contradicts Lemma 6.1. Therefore, (u0, v0) 6= (0, 0). 
Proof of Theorem 1.2 completed. Since (u0, v0) is a nontrivial critical point of I, we have that
(u0, v0) ∈ N . Hence, cN ≤ I(u0, v0). On the other hand, it follows from (6.3) and Fatou’s
Lemma that
cN + on(1) =
1
p
∫
RN
(f(un)un − pF (un)) dx+
1
q
∫
RN
(g(vn)vn − qG(vn)) dx
≥
1
p
∫
RN
(f(u0)u0 − pF (u0)) dx+
1
q
∫
RN
(g(v0)v0 − qG(v0)) dx+ on(1)
= I(u0, v0) + on(1),
which implies that cN ≥ I(u0, v0). Therefore, (u0, v0) is a ground state for System (S).
By a similar argument used in Propositions 5.5, 5.6 and 5.7, we obtain t0 > 0 such that
(t
1/p
0 |u0|, t
1/q
0 |v0|) ∈ N is a positive ground state solution for System (S), for some λ > 0. 
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